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Abstract. This paper is concerned with the optimal model reduction for linear discrete periodic
time-varying systems and digital filters. Specifically, for a given stable periodic time-varying model,
we shall seek a lower order periodic time-varying model to approximate the original model in an
optimal H, norm sense. By orthogonal projections of the original model, we convert the optimal
periodic model reduction problem into an unconstrained optimization problem. Two effective al-
gorithms are then developed to solve the optimization problem. The algorithms ensure that the Ho
cost decreases monotonically and converges to an optimal (local) solution. Numerical examples are
given to demonstrate the computational efficiency of the proposed method. The present paper extends
the optimal model reduction for linear time invariant systems to linear periodic discrete time-varying
systems.
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1. Introduction

Cyclostationary processes arise in many different fields ranging from economics
and management, to biology, communications, signal processing and control of
multirate plants [13, 14, 16, 18, 22, 24, 31]. In communications and signal pro-
cessing [4], cyclostationary characteristics appear, for example, in bauded data
transmission, amplitude-modulated signals and video signals. Naturally, periodic
models play a key role for analysis, design and simulation of cyclostationary pro-
cesses. Furthermore, periodic filters and controllers have been used to improve the
control and filtering performance for time-invariant systems [5, 14]. On the other
hand, due to the complexity of engineering systems as well as the requirement for
better control and filtering performance, quite often we are faced with high order
periodic models which are undesirable due to the difficulty in analysis, computa-
tional inefficiency and high implementation cost. Therefore, the problem of model
reduction for periodic systems is of considerable interest and practical importance.

The model reduction problem has been extensively investigated for linear time
invariant systems and a number of results have been presented. Most of the existing
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work is for continuous-time models and there are basically two approaches to the
model reduction, namely the error-bound based approach and optimality-based
approach. A well known error-bound based approach is the so-called balanced
truncation proposed by Moore [20], (see, also, [3, 8, 21], [25], and the references
therein). Recently, the H,, and H, model reduction using linear matrix inequalities
has also been studied in [6, 10]. For the optimality-based approach, work has been
concerned with minimizing the L,-norm of the discrepancy between the original
model and a reduced one, (see, e.g., [11, 12, 26], [27]). These works basically de-
rive first order necessary conditions for optimality but have difficulties in efficiently
computing the lower order optimal model. In addtion, [23] proposed an order re-
duction algorithm and established its convergence for single-input single-output
system.

The optimal model reduction under the H, specification is to minimize the root
mean square value of the model reduction error over the entire frequency spec-
trum. An algorithm was recently presented in [30] for computing a continuous
time locally optimal H, reduced model, where it is indicated that whether a global
minimum of the H, model reduction optimization exists is still unclear. Although
the answer to this question for the discrete time systems is positive [2], the optim-
ization problem is known to be non-convex and is equivalent to a reduced order
output feedback optimal control problem. To our knowledge, this is still an open
problem and there lacks of global optimization method for analytically solving or
efficiently computing the problem in the general multi-input and multi-output case.

In the context of periodic systems, the problem of H, model reduction becomes
much harder due to the difficulties caused by the time-varying dynamics. Although
there exist methods to convert periodic systems into time-invariant models [14, 17,
18], they are not directly applicable to the model reduction problem because of the
severe causality constraint and difficulties in representing the time-varying state di-
mension and converting the time-invariant model back into the periodic realization.
It is worth noting that there is no guarantee on the order of periodic realization of
the obtained lower order time-invariant model even if the time-invariant model can
be converted into an equivalent periodic one. Therefore, there is little result known
in periodic system model reduction.

In this paper, we consider the model reduction problem for linear periodic dis-
crete time systems and digital filters under the H, performance specification. By
projecting the original periodic model using orthogonal matrices and applying the
well known lifting technique for periodic systems [14, 18], the H, optimal periodic
model reduction problem is formulated as an unconstrained optimization problem.
Based on the gradient flow of the cost function and the first order condition for
minimality of calculus, two algorithms for computing the H, optimal reduced order
model are given. These algorithms are simple in computation and asymptotically
converge to a local optimal solution. In addition, the algorithms allow the state
dimension of the reduced order model to be specified to be time-varying. Given that
there has been no global results for the H, optimal model reduction for both linear
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time-invariant and periodic systems available, our local result makes an original
contribution to this area.

This paper is organized as follows. Section 2 formulates the order reduction
problem for discrete time periodic systems with time-varying order. Section 3
derives the H, cost function and its gradient for the optimal order reduction. A
continuous time algorithm and a discrete iterative algorithm with convergence ana-
lysis are presented in Section 4 for the H, optimal order reduction. In Section 5, two
examples are presented with numerical computation and simulation to demonstrate
the effectiveness of the proposed model reduction method.

2. Problem formulation
2.1. LINEAR PERIODIC SYSTEMS
Consider an N-periodic discrete-time system y = Xu in the state space equation
form:
(X) @ xpp1 = Agxp + Brug (2.1)
Yk = CiXg + Dyuy (2.2)

where x; € R" is the state with time-varying dimension ny, u;, € R™ is the
input and y, € RP is the output of the system, A, € R™+1*"% B, € R"+1>"
Cy € RP*" and Dy € RP*™ are N-periodic matrices of the system satisfying

Apyn = Ak, Bign = Br, Cion = C, Dion = Dy (2.3)
Let the transition matrix of the N-periodic system X be
_JAAi Ay >
th,] - { I, i=j (2.4)

It is well known that the periodic system X is stable if and only if all the eigenvalues
of &,y ; are within the unit circle of the complex plane forall0 <i < N — 1.

Let | - ||, denote the H, norm of a discrete time system. We define the H, norm
of the stable N-periodic system X as

1 -1 m oo .
1%l = |52 Z Y (ZEis:) (k) (ZEi8:)(k) (2.5)
=0 i=1 k=0
where §; = §(k — i) denotes the Dirac delta function and E; is the ith column
vector of the m x m identity matrix. This is a commonly used definition for periodic
systems [1], and is an extension of the well known H, norm for linear time invariant
systems.

We now apply the well known lifting technique [14, 18] to the periodic system
Y. to obtain the following lifted system %, for each k € [0, N — 1].

(Z0) : 5y = F& + Gyity (2.6)
¥ = H&f + Eiy 2.7)
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where
Uk+IN Yk+IN
Uk+IN+1 Yi+IN+1
—k oy —k
-x[ = Xk+IN> u] = . ) y[ = . ) (28)
Up+(+1)N-1 Yk+(+1)N-1
Fr = Qpintrks (2.9)
Gi = [Pk k+1Brx PN k+2Bk+1 -+ PraNitN—1ByN—2 Bran-1]. (2.10)
Cy
Cri1Pit1x
H, = ] ' , (2.11)
Cran—1Prin—1k
E, =
Dy 0 0o .- 0 0
Cr+1Bk Dyi1 0o - 0 0
Crt+2Ph42 k+1Bk Cr+2Br+1 Diyp -+ 0 0
CraN-1PraN-1,k+1Bk CkaN-1PraN-1,k+2Bk+1 o Ck4N-1BktN-2 Di4nN-1
(2.12)

The lifted system X, is an equivalent expression of X in the linear time invariant
state equation form (2.6)-(2.7). Let || X ||, be the H, norm of the linear time invari-
ant system X following from the standard definition. It is straightforward to verify
that

IZillz = 1Zjll2, Vi, j€l0,N—1] (2.13)
Using (2.5), it is also straightforward to verify

1
1502 = S I%kllz. VA €[0.N —1] (2.14)

To formulate the optimal order reduction problem for periodic systems, we now
give two useful technical results as follows.

LEMMA 2.1. The N-periodic system X isstable if and only if for any N-periodic
positive definite matrix Q; € R, with O, = Q7 > 0and Qxy = Oy, there
exists a unique N-periodic positive definite solution P, € R, with P, = PI >
0 and P,y = Py for the following N-periodic Lyapunov equation

Al Pii1Ay — Po=—0Qr, kel[0,N—1] (2.15)



A GRADIENT FLOW APPROACH TO ....... 377

Proof: Consecutively substituting P; = Al.TPi+1A,- +Q;fori =k+1, k+
2, -+, k+ N into (2.15) and using P,y = Pi, we obtain the following periodic
Lyapunov equation.

Oy PPuink — Pe=—0 kel[0,N—1] (2.16)

where
k+N-1

Or=0[ = Z CD,?:incDi,k >0
i=k

Apparently, the Lyapunov equation (2.16) is an equivalent expression of (2.15).

By the well known Lyapunov stability result for linear time invariant systems
and stability of the periodic system in terms of the transition matrices &y x for
k € [0, N — 1], the periodic system X is stable if and only if for the given Q,
and, consequently, Q; there is a unique solution P, for the Lyapunov equation
(2.16). Thus the lemma is established following from that (2.15) is an equivalent
expression of (2.16).

LEMMA 2.2. The N-periodic system X isstable if and only if there exists a linear
N-periodic transformation z; = Tyxy, i.e. Ty.y = Ty, such that the transformed
N-periodic system

2t = Tt AkT M
satisfies || Ty41 AT, || < 1, k € [0, N — 1].

Proof: If the periodic system X is stable, let the solution P, for the Lyapunov
equation (2.15) be written as P, = T,/ T, for k € [0, N — 1]. Pre-multiplying and
post-multiplying (2.15) by 7, and 7,”*, respectively, yield

_I\T _
(Tt Ak TTY) (T AT < 1
It follows that
I T AT < 1

On the other hand, it is simple to show that if the system is unstable there exists
no state transformation z; = Tix; such that || T; 1 A, T, M| < 1 for k € [0, N — 1]
is satisfied.

Throughout this paper, we assume that the periodic system X is stable. In view
of Lemma 2.2, without loss of generality, we further assume that the state matrix
of X satisfies ||Ax|| < 1fork € [0, N —1].
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2.2. H; OPTIMAL MODEL REDUCTION FOR PERIODIC SYSTEMS

We now state the H, optimal model reduction problem for periodic systems as: For
the given N-periodic system X with periodically time-varying order n; and for a
given desirable reduced periodically time-varying order i, < ny with Z,ivz‘ol g <
SNy, find an N-periodic model 3 with the reduced periodically time-varying
order n; of the following formsuch that || X — 1l is minimized.

(EA:) . )%k—&-l = Ak)?k + ékuk (217)
Ve = CiXi + Dyuy (2.18)

where x; € Rk |s the state and and Ak+N = A; € Riwrxin Bk+N = B €
Rikrrxm Ck+N = Ck RP* gand Dk+N = Dk = D, € RP*™ are matrices of
the reduced order system.

It is noted that the reduced order system has a periodically time-varying state
dimension n;. The above problem statement takes into account the most general
case to allow the state dimension to be reduced each time or only at some time and
remain unchanged at some other time. The specific reduced state dimension is at
the designer’s choice.

Let the transition matrix of the reduced N-periodic system  be

n A A o A P>
q)i,j:{llllz Jj l::;

The lifted system of the reduced order periodic system %, for each k € [0, N —1],
is obtained as

A =k ~ <k A
(%) i %1 = Fi&; + Gyt (2.19)
=k N A
9, = HiX, + Epitf (2.20)
where
Uk+IN Yk+IN
<k R _ Uk+IN+1 _ Yi+IN+1
X; = Xk+IN> M;{ = . , ylk = . y (221)
Uk+(I+1)N-1 Yi+(+1)N-1
Fe = ci)k+N,ka (2.22)
(2.23)
ék = [&)k+N,k+1ék ci)k+N,k+2ék+l ci)k+N,k+N—1ék+N—2 éI<-|—N—1] s

(2.24)
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Ci

. Crn®
A — k+1 ‘ k+1,k , (2.25)

Cran—1Pipn-1k

E, =
. CerBe D 0 0 0
Ck42Pi42,k+1Br Cri2Bry1 Diyo - 0 0
Cran-1PkiN-1k+1Bk  Crpn—1Pran—14+2Bk+1 e Coon-1Bran—2 Diin-1

(2.26)

The model reduction problem for linear time-invariant systems has been studied
under various performance measures. Commonly used methods for linear time
invariant system model reduction include the balanced truncation [20] and the
Hankel-norm approximation [7]. These methods are error-bound based but are not
optimal in the sense of minimizing certain error specification between the original
model and the reduced order model.

In [12], it has been shown that for an nth order linear time-invariant model
(A, B, C), the optimal rth order H, reduced model must be of form (UAV, UB,
CV)where U € R and V € R must satisfy the constraints that UAV is
stable and UV = I. These nonlinear constraints impose a formidable difficulty for
efficiently computing the matrix U and V for the optimal model reduction.

To deal with this difficulty, a modified H, model reduction problem for continu-
ous time systems is considered in [29, 30] where the reduced model is of the form
(UTAU, UB, CU) with the constraint UTU = I. There are a number of valid
reasons for considering the H, model reduction of this form. Firstly, it includes the
balanced truncation as a special case and provides a reasonably good approxima-
tion to the original model reduction problem; (see [30]). Next, the minimal solution
for the model reduction exists since the set {U7U = I} is compact. Further, the
stability constraint for the reduced order model is removed. Rigorous convergent
algorithms are given in [30] and illustrated by examples.

For linear periodic system model reduction, a Hankel-norm approximation ap-
proach is proposed in [28] where the periodic systems are required to be reversible
and have a constant order, i.e. ny = n, forall k > 0.

In this paper, we consider that the reduced order system X is of the form

Ay =Ul'AVi, Bi=UIB., Ci=CVi (2.27)
where U, and V; are N-periodic real matrices from the Stiefel manifolds:
Sue = {Uk e Rrenxini | yTy, = 1} (2.28)

Sop = {vk e R | YTy, = 1} (2.29)
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Observe that the set of reduced order models characterized in (2.26) is larger
than that of [30] where only one projection operator is used. Also, the reduced
order periodic system (2.26) is always stable for any U, € S, and V; € S, under
the assumption ||A;|| < 1. Therefore, there is no stability constraint in computing
the solution for U, and V.

In view of the H, norm properties (2.13) and (2.14) of the lifted systems, the
H, optimal model reduction problem for linear periodic systems can be further
formulated in terms of the lifted systems as: find matrices U, € S, and V;, € Sy,
k € [0, N — 1] for the reduced order periodic system matrices in (2.26) such that

1Z0 — Zoll2 is minimized.

3. The H, cost function and its gradient

The error model £, — % is a linear time invariant system, which has a state-space
realization as follows.

Cip1 = Fc{l + ch? (31)
e, = H.G + Ecuf (3.2)

_or 20777
where §; = (X" %, and

_[FR O
R[50 e
o - [@]. e
H. = [Hy — Hol, (3.5)
E. = Ey— Ey (3.6)

where Fy, Go, Ho, Eo, Fo, Go, Hp and Ey are as given in (2.9)-(2.12) and
(2.22)-(2.25). It is well known [19] that

. V) = 15 — 50U, VIE = gaU. V) + (U, V) (3.7)
where
U = (Uo, U, - ,Un-1) (3.8)
V=W, Vi,--, Vyo1) (3.9)
91U, V) = tr(H.PH") =tr(GT 0G,) (3.10)
F2(U, V) = tr{(Eo — Eo)" (Eo — Eo)) (3.11)
and P and Q satisfy the following Lyapunov equations, respectively.
F.PFf - P+G.Gl =0 (3.12)

F'OF.—Q+H'H. =0 (3.13)
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Note that the matrices P, Q, F., G., H. and E,, 1(U, V) and g.(U, V) are dif-
ferentiable functions of (U, V) and (U, V) is a smooth function on the manifold

W= 8,0 X Su1 X -+ X Syv—1) X Spo X Sp1 X -+ X Syv—1)
It can be shown ([9]) that the tangent space of W at any (U, V) € W is given by

TonW ={En 1§ U;+UJE =0 n]Vi+V/n;=0,j=0,1,---,

(3.14)
N —1}
where ";:] € CanJrlXﬁjJrla n; € ﬂanﬁj'S = (Sla SZ& B SN—l) and n= (771» n2, .-,
NN-1)-
By endowing 7y, vy W with the inner product
N-1
<En.E.n)>=) tr (sfsj + n,fnj), VE ), E,n) € Twwn Y,
j=0
(3.15)

¥ becomes a Riemannian manifold.
Let the gradient of the H, cost function (U, V) on the tangent space T(y v,V

be
VgWw,V)=[VguU,V) Vv, V)] (3.16)
where
Vdu (U, V) = [VJu,(U, V) V§u, U, V) -+ Vgu, (U, V)] (3.17)
Vav(U, V) = [V WU, V) Vgy,(U, V) -+ Vgy, (U, V)] (3.18)
In view of (3.4), (3.5), (2.10), (2.11) (2.23) and (2.24), we partition G. and H.
as
G. = [GCO Ge - Gc(N—l)] (319)
HC = [HZ(; HLZ;. HL‘];N—l)]T (320)

For the notational simplicity, let i)i,j = 0wheni < j and introduce

Ri; = A;V;P;FI QY Si;=ATU;Q;F.P! (3.21)
j A A
Ry = <BjGCTj —i—ZAjVj‘Dj,kBk—chT(k_l)) Q]T' (3.22)
k=1
j ~ A
Sy = ZAJTUijGc(k—l)BkT_lq’]r,k (3.23)

k=1
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N-1
Rsj = — Y AjV;PiHLCiPy j i (3.24)
k=j+1
N-1
S3p = — | CTH; + Y ATU; @, \CTHy | P] (3.25)
k=j+1
N-1 N-1 . . T A A N-1 T A a
Rij= % X AjVi®jBralp G i+ X BTy Cae®r v (3.26)
k=11l=j+1 k=j+1
N-1 N-1 j
Sap = > Y AUl O[Ty Bl o7, +) CIruBl o7, (3.27)
k=11=j+1 k=1
Rj = le + sz + R3j + R4j, Sj = Slj + Szj + S3j + S4j (328)

where
Pj=®;0l0 I1P, Q; =} ;410 110, Tjx=C;®;xBi1-C;®jxBi-1 (3.29)

Using these notations, we present a result on the gradient V4 (U, V) in the follow-
ing theorem.

THEOREM 1. Thegradient of the H, cost function g (U, V') on the tangent space
T(U’V)\If satisfies

Vgu,(U.V)=2R; —U;(RIU; + U] Rj), Vgy, (U, V)=2S;— (3.30)
Vi(STv,+V/S;), jel0,N—1]

Proof: See Appendix.
It is noted that the gradient on the tangent space V4 (U, V) is different from the
gradient of g(U, V) as a usual function defined on (U, V) € W.

4. Algorithmsfor minimizing the H, cost function

It is known from calculus that a first order condition for minimality of the H, cost
function V4 (U, V) is

VJu,(U,V)=0, V@y,U,V)=0, (U V)eV, jel0,N—1]
Applying Theorem 1 leads to

2R; —U;j(RTU; +UTR) =0, 25;—Vi(sTv;+vIsp=0, w.v)ew, jelo,N-1] (4.1)
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In general, the solutions U; and V;, j € [0, N — 1], for these equations are not
straightforward and there is no guarantee that a solution for these equations yields a
minimal cost function. To deal with this problem, we use a gradient flow approach
to develop two algorithms in this section for computing U and V to obtain an
optimal reduced order periodic model. The first algorithm is based on solving dif-
ferential matrix equations in continuous time and the second is a discrete recursive
algorithm which is simple as far as implementation is concerned. Convergence
properties will be established for the algorithms.

4.1. THE CONTINUOUS TIME ALGORITHM

It is known that the value of the cost function is decreased along the negative
gradient direction. Thus, we form a gradient flow as follows to approach a minimal
solution (U, V) € W:

Uj = Uj(RIU; + U R;)) — 2R, (4.2)
Vi = VSTV, +V]s)) —28; (4.3)

Since the optimization of the cost ¢ (U, V) over the manifold W is a constrained
optimization problem, we need to ensure that the solution (U, V) for (4.2) and (4.3)
exists and remains in W for an initial condition (U (0), V (0)) € ¥. We give useful
properties of the gradient flow in the following theorem, which will lead to the
implementation of the gradient-based algorithm.

THEOREM 2. For an initial condition (U (0), V(0)) € W, the solution for the
ordinary differential equations (ODEs) (4.2) and (4.3) satisfy
1. The solution (U (¢), V (¢)) for (4.2) and (4.3) is unique and stays in W for all
t >0;
2. Thecost g(U, V) is gtrictly decreasing to approach the minimum solution in
the sense

N-1
JWU(12), V(12)) — g (11), V(11)) = — zo [EM;U,vydr, Vipzn>0 (4.4)
]:

where
N-1
MU, V) = Y {IU;R] = RUT |5 +2|(U;U] — DR1I%
j=0

+ VST =S VI + 21V, v = DSz} =0 (45)
and | - ||r denot@ the Fropeni us norm;
3. Thederivatives U (t) and V (¢) converge to zero, i.e.
lim U;(t) =0, lim Vit)=0, jel0,N—1]

t—0o0
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4. Any solution (U*(¢), V*(¢)) for (4.2) and (4.3), such that the cost function
J(U*(t), V*(t)) isminimal, satisfies

M;(U* V*) =0
or equivalently,
UiR] —R;U;" =0, VisT —8;vT =0, jel0,N—1]

Proof: 1) Since W is a compact set, the solution for the ODEs is unique. Using
(4.2) and (4.3), it can be easily shown that

d d
(WU (OU;0) =0 and  —(V/ (V1) =0
Thus, (U @), V(¢)) € W forall ¢+ > 0 provided (U (0), V(0)) € W.

2) The result (4.4) follows immediately from

N-1

FWn, vl = 2) tr(RIU; + STV;)
j=0

N-1

= 22

=0

J

tr{RJU;R]U; — R R; + R{ (U;U] — DR}

N-1
+2) "t {STVSTV; = 8T8+ ST(v;v] = DS}
j=0

S R - KU WK - R

— > tr{(V;ST = S;vHTv;sT —s;vh}
j=0
N_
+2 ) tr{sT(v;v] —Ds;}
=0

iy

J

N-1

= > "MW,V
j=0

3) WMU*, V*) #£0,since 0 < g(U@), V() < g(U0), V(0)), the integral

/ IM; (U, V)|2.dt
0
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must be finite. By the uniform continuity of (U (1), V(1)) for any ¢t > 0, we have
H T T H T
tl_l)rgo(UjRj —RjUj):O, tI—ID;]o(UjUj —I)R]=O,
jel0.N—1] (4.6)
lim (vV;$7 —8;V{) =0, lim(V;V{ = DS; =0 j €[0.N —1](47)

These yield
Ry =U;RTU; = U;UTR;. ;= V;8TV; = V,V]s,

It then follows from (4.2) and (4.3) that (U, (1), V;(t)) — 0.

4) If (U*(t), V*(r)) is a solution such that the cost function g(U*(¢), V*(¢))
is minimal, there must be t|_|)rL10 U@lr) = U* and tl_l)n;o V(t) = V*. Then the result
follows from that of 3).

Theorem 2 shows that, starting from an initial condition in W, a critical solution
of (4.2) and (4.3) can be obtained by integrating the differential equations using any
numerical packages such as Matlab. Theorem 2 guarantees that the cost function
4(U, V) decreases monotonically and converges to a minimal value. It is also
shown that if the cost function has only isolated minimum points, the solution
(U (1), V(r)) will converge to one of them.

For a given stable N-periodic system X satisfying ||Axl] < 1 for k& > O,
we summarize the gradient flow algorithm for the H, model reduction based on
Theorem 2 as follows.

1. Obtain the lifted system of X in the form (2.19)—(2.20);

2. Choose (U (0), V(0)) € ¥ and specify a time duration ¢, for integration;

3. Obtain R; and S; for j € [0, N — 1] as given in (3.28), which are functions of
UandV;

4. Integrate the ODEs (4.2) and (4.3);

5. If the final cost g(U(t;), V(ts)) is not satisfactory, set (U(0), V(0)) =
(U(ty), V(tr)) and repeat Step 3.

4.2. THE DISCRETE ITERATIVE ALGORITHM

This subsection gives a discrete iterative algorithm for solving the ODEs (4.2) and
(4.3). This is to meet the need of digital computation and implementation for the
model reduction. Let

Ej(k) =U;(R] — RU;(k)",  TI;(k) = V;(k)S] — S;V; (k)" (4.8)
and define the following iterations:
Ujk+1) =e"50U;k), Vitk+1) =10V (k),
j=01.--,N-1

where 7, is a step-size to be chosen. We show in the following theorem that (4.9)
can be used to iteratively compute the gradient flow (4.2) and (4.3).

(4.9)
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THEOREM 3. There exists a constant ¢ such that for a step-size 1, with 0 <
t, < ¢ and for aninitial condition (U (0), V(0)) € ¥, U (k) and V (k) recursively
computed from the equations (4.9) satisfy the following properties.

1 (Uk), V() eWwforanyk > 0.

2. Thevalue of (U (k), V (k)) decreases monotonically ask increase, i.e.

FUK+D, Vk+1) < gWUKk), V(k)), Vk=0

where the equality holds if and only if a critical point is reached, i.e.
M;(U k), V(k)) =0with M;(-,-) asin (4.5).

3.
klim M;U(k),V(k) =0, jel0,N—-1]
or equivalently
lim [U;(0R] = R;U;(0)"] =0, lim [V(R)S] —S;V(0)'] =0,
jel[0, N —1]

Proof: 1) Observed from (4.8) that &;(k) and IT;(k) are skew-symmetric.
Thus the matrices e*®/® and ™ ® are orthogonal for any z. It follows that
(Uk), V(k) e wif (U(), V(0)) € W.

2) Let

Uj(t) = =00k, Vi) = eV

and R;(¢) and S;(¢) be the corresponding R; and S; as in (3.28). Clearly, (U (0), V(0)) =
(U(k), V(k)), R;j(0) = Rj(k) and S;(0) = S;(k). By the Taylor expansion, there
existsa 6 € [0, ] such that

2
FUMD), V() — FWU K, VK) =tdU©), V() + %i(U(G), V(©))
(4.10)
It can be seen from (A.21) that

N-1
23 tr(RIU; + STV))

j=0

U @), V()

N-1
= 2) tr(RIE;(0U; + ST T1;(k)V;) (4.11)
j=0

and

N-1
JWU@), V() =2 Ztr (RTE;(k)U; + R} B;(k)°U;
= (4.12)

+8TT (k) V; + S;T1;(k)*V;)
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By observing that 2, (k)" = —E;(k), I1;(k) = —I1;(k)" and using (4.9), it can
be shown that
N-1

FU©), V() =—> {tr(E;(0" E; (k) + tr(I1; (k)" T1;(k)) }

j=0
o (4.13)
== (I1€;k) 1% + ITT;K)|I%)
j=0
Further, we have
1GU @), V) < 2RI IFIE; ()Nl r + IR IFIIE; (k)| (4.14)

IS5l ITL; ) E + 1S, 17 1T G0 )

Similar to the proof of Theorem 4.1 in [29], it can be shown that there exist positive
constants «;, 8;, y; and t; such that, for j € [0, N — 1],

IR IF <oy ISillF <. IRjlIF < BillIP;K)r, (4.15)
1Sl F < T 00| 7
Therefore, it then follows that
N-1
FW @O, VNI <2 (i IE;0015 + BIIE; 05 + vl )13
= (4.16)
+7; 1T, () 112)
Hence, it is obtained from (4.10), (4.13) and (4.16) that
FW @), V(1)) — J(Ur, Vi)
N-1
<D A1+ (o +8) PTNE GO + [—1 + (v + 7)) #1ITL 11}
j=0
(4.17)
Let
1 1
c:min{ , ,j:O,l,---,N—l}
o + ﬂj Vi + ‘Ej

It is obvious that when 7 € (0, s), $(U(2), V(t)) < $(U (k), V(k)), i.e. (U k +
D, Vk+1) < UK, Vk)).
3) Take a step-size 1, € (0, ¢). It follows from (4.17) that
N-1

D (IE;01% + (0 [13) <

j=0

FUK), V) —FWUK+D, V(k+1)
d

(4.18)



388 L. XIE ET AL.

where
1
d=t; —~t# >0
C
Taking the limit on the both sides of (4.18), we have
lim &;(k) = lim 11;(k) =0
Note that

(I = U;(U; ("R, (k)

=[I1-U;U; )" [R;()U; (k)" — U;(k)R; (k)" U; (k)
(I = V)V (k)")S,; (k)

=[1-V,(V;)"][S; V()" = V;(k)S;(k)" ] V;k)

Then it is follows from (4.5) that M;(U (k), V (k)) = 0 if and only if I'; = 0 and
[T, = 0. This completes the proof.

By appropriately choosing a constant step-size 7, < ¢, Theorem 3 guarantees
that the H, cost function (U (k), V (k)) obtained from iterative computation of
U (k) and V (k) by (4.9) converges to a minimal value. A procedure for the iterative
computation is given as follows.

1. Obtain the lifted system of X in the form (2.19)-(2.20);
2. Choose (U (0), V(0)) € W and choose an appropriate step-size #;

3. Obtain R; and S; for j € [0, N — 1] as given in (3.28), which are functions of
UandV;

4. Compute (U (k+1), V(k+1)) from (U (k), V (k)) by using (4.9) and (4.8) until
;) < eand [TT;(k)|| < e, j € [0, N — 1], are satisfied for a specified
tolerance ¢ > 0.

5. Examples

In this section we apply the discrete iterative algorithm for periodic system model
reduction to two examples. The first example is for model reduction of a periodic
system with a constant order and the second example is for a periodic system with
a time varying order. The results obtained from the continuous time algorithm are
similar and omitted.
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Example 1

Consider a fourth order two-periodic system in the form (2.1)-(2.2) with

Ag

Co

Ay

Cy

0.953 0.140 0.000 0.000
—0.140 0.953 0.000 0.000
0.000 0.000 0.447 0.714

0.000 0.000 —0.714 0.447

0.200 0.000 0.500

| 0.100

0.300  0.000
5. — | 0:500 —0.300
» 20710150 0.000
0.000 0.200

[ 0.500 —0.400 0.500 0.300] D [0.500 0.000
» Do =

0.000 0.600

[ 0.400 —0.200 0.000 0.000] D [0.600 0.000
9 l ==

Ik

)

9

389

| 0.000 0.000 0.400 0.300 0.000 0.500
[ —0.600 0.100 0.000 0.300 0.200 0.000
—0.300 —0.700 0.000 0.000 Bl — 0.000 0.200
0.580 0.000 0.400 0.300 |* '~ | —0.300 0.500
0.100 0.000 —0.600 —0.400 0.000 0.400

It can be easily shown that this system satisfies ||Ag|| < 1 and ||A;]] < 1.
Therefore, we can apply the iterative algorithm directly. Our aim is to find a second
order periodic model to approximate the above periodic system. Take the following
initial condition

UO:VO=U1:V1=[IM]

0242

and choose the step-size to be #, = 0.01. The cost evolution of the iterative al-
gorithm is shown in Figure 1, which shows that the cost function decreases mono-
tonically from 0.634 to 0.317. The projection matrices Uy, Vp, Uy and V; converge

to

Uy

0.9946 —0.0037
—0.0035 0.9646
—0.0745 0.1280 |~

0.0717  0.2307

[ 0.6643 0.1119
0.2103 0.8681
0.5108 —0.4832 |°

| 0.5036 —0.0200

0.3527  0.0963 ]
0.3366  0.9087

0.6544 —0.3685 |
0.5780 —0.1707 |

0.9915 —0.0101 ]|

0.0182 0.9762
0.1090 0.0602
—0.0687  0.2083 |
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0.45
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0.35

1 1 ] 1 L H
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Number of iterations

0.3 ! 1 )

Figure 1. The cost evolution of Example 1.

As a result, the reduced order periodic model in the form (2.17)-(2.18) is obtained
as

i [ 0.3127 0.2496 5 _ [ 02855 0.0154

© = [ 03025 0.8279 |* "° | 0.5004 —0.2432 |’

e [ 0.5423 —0.5508 D, — [ 05000 0.0000

©~ |04352 —0.1986 |° ~° | 0.0000 0.5000 |

i [ —0.1366 —0.0521 5 _ [ —0.0204 0.4989

7 | -0.6281 —0.6086 [* '~ | 0.1673 —0.0760 |

e [ 0.3930 —0.1993 Db, — [ 0:6000 0.000

'~ | 0.0685 0.2984 |© T | 0.000 0.6000
Example 2

Consider a two-periodic system with time-varying order np = 4 and n; = 5in
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the form (2.1)—(2.2) with

Ay =

Cy =

A =

C1 =

0.883 0.140 0.000 0.000 1.000 0.000
—0.140 0.883 0.000 0.000 0.500 —0.300
0.000 0.000 0.447 0.714 |, By = | 0.150 0.000 |,
0.000 0.000 —0.714 0.447 0.000 2.000
| 0.100 0.200  0.000 0.100 0.000 0.200
[ 0.500 —0.400 1.000 0.300 Do — 0.500 0.000
| 0.000 0.000 0.400 0.300 |- 0~ | 0.000 0.500
[ —0.500 0.100 0.000 0.300 0.100 1.500 0.000
—0.200 0.500 0.000 0.000 0.000 Bl — 0.000 0.200
0.300 0.000 0.350 0.650 0.100 |’ “*~ | —0.300 0.500
0.100 0.000 —0.500 —0.300 0.000 0.000 0.400

:0.400 —0.200 0.000 0.000 0.000 Dy — 0.600 0.000
| 1.000  0.200 0.000 0.500 0.000 |- 1= 0.000 0.600

Itis easy to check that ||Agl| < 1and ||A1]| < 1. To find a reduced second order
model, we set the initial condition to be

U0:V1:|:12X2] U1:V0:|:12><2:|,

03,2 0242

and the step-size to be 7, = 0.005. Applying the iterative algorithm yields the cost
function evolution as shown Figure 2. It is shown that the cost function is reduced
monotonically from 2.4197 to 0.6477. The projection matrices converge to

Uy =

Uy =

0.8849  0.3960 0.9630 —0.0242

0.0594  0.1814 0.2582  0.2039

0.0258 0.3217 |, V= ,

0.4431 —0.8404 _88;’(1)2 :8-815732
| 01281 0.0226 | | 0. :

[ 0.8917 0.4210
0.0895 0.1558
vV, = | 0.0126 —0.1709
0.4429 —0.8674
0.0231 —0.1302

[0.9736 —0.0510 ]
0.1939  0.5071

0.0461 —0.8564 |
| 0.1110 —0.0828 |

The final reduced order periodic model is of the form of (2.17)-(2.18) with

~ | 0.4047 —0.6883

[ 0.7831 0.3164 5 _ [0.9185 0.8940
© P07 1 05350 —1.7307 |°

0.3883 —1.0775 Do — 0.5000 0.0000
| —0.0087 —0.3967 |’ %=1 0.0000 0.5000 |’

[ —0.2993 —0.4375 B — 1.4466 0.1062
| —0.5296  0.4256 |’ 1= 1 0.1804 —0.3599 |’

[ 0.3388 0.1372 Dy — 0.6000 0.000
| 1.1311 0.0185 |’ 1= | 0.000 0.6000
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o 200 400 600 800 1000 1200 1400 1600
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Figure 2. The cost evolution of Example 2.

The above two examples clearly demonstrate the effectiveness of the proposed
periodic model reduction algorithms. It should be noted that our algorithm only
gives a local minimum solution. The gap between the resulting local minimum
and the global minimum depends on the choice of the initial condition. As a sens-
ible choice, one may start from a reduced order model given by the Hankel-norm
aproximation in [28].

6. Conclusion

In this paper, analysis and computational algorithms are presented for the H, op-
timal order reduction for linear periodic discrete time systems and digital filters.
The order of the discrete time system or digital filter is allowed to be time-varying.
By converting the periodic model reduction problem into an unconstrained optim-
ization problem over the Stiefel manifold, two convergent algorithms based on the
continuous and discrete gradient flows have been developed. It has been shown
that both algorithms guarantee the cost function to decrease monotonically and,
hence, converge to the optimal value. The optimality and convergence properties
are demonstrated by two numerical examples.

Appendix (Proof of Theorem 1)
Let ©D be the Fréchet derivative operator such that DU = & and DV = 5. Since
P,Q, F., G, H, E., (U, V)and g,(U, V) are all differentiable functions of



A GRADIENT FLOW APPROACH TO ....... 393

(U, V), their Fréchet derivatives can be written, respectively, as

DP =DPE, ), DO=DOE,n), DF.=DF(§ n),
DG, =DGc(§.m), DH.=DH:(&,1n)

DF1=DG1E,n), DF2=DF2(8,m)
Taking the Fréchet derivative of (3.12) yields
(DF)PF! + F.P(DF')+ F.(DP)F! — (DP)

+ (DG)G! + G (DG =0 (A1)
Multiplying (A.1) by Q and taking the trace give
tr2(DF)PF Q+ F(DP)F/ Q — (DP)Q +2(DG)G! Q] =0
ie.
tr[2(DF.)PF! Q + F/ QF.(DP) — Q(DP) + 2(DG,)GI Q] =0
This, together with (3.13), implies that
tr(H H(DP)| =tr[2(DF.)PF! Q0 + 2(DG.)G! 0] (A.2)
Thus the Fréchet derivative of g1 (U, V) is given by
(D) = 2r[PH (DH,)] +tr[H H.(DP)]
= 2r[PHI (DH)| + 2 [(DF)PF' Q + (DG)G! Q]
= 2tr[PH! (DH.) + (DF,)PF] Q + (DG)G! Q] (A.3)
It is also simple to show that
Do = 2tr{(Eo — Eo)" (DEo)} (A.4)
Recall that
Fy = dyo=dy ;41U A;V;®j0, je[0,N—1] (A.5)
Go = [Goo Gor Goo -+ Gow-n)], (A.6)
Goj = P 1B,
= &)N,k+lUkTAka&)k,j+léj,
jelO,N—1], kel[j+1,N—1] (A7)
I':IOO
A= | Mo (A.8)
I'AIO(N—l)

HOj = ijjd\)j,O = CjVjc,I\)j’k_;_lUkTAka&)k,Oa
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It follows that

N-1
DFy = ) Ow 1 AV, + U An)®;0 (A.10)
j=
N-1
DGoj = Z Dyt (6 AVe + UL Agny) @r 41 B,
k=j+1
+ dy,j118] B (A.11)
j-1
<>(OI{0j = Cjnj(bj,o + ZCJ qu>j,k+l (fkTAk Vk + UkTAknk) Cbk,o (A12)
k=0

Using (A.10)-(A.12), we obtain

tr[(DF.)PF! Q]
N
=tr{[0 NPF/Q [ :|Z&)N]+1 ETAVi+ Ul Am;) @,
j=0
N= 0
0

+qA)j,o[0 I]PFCTQ [ 7 i| &)N,j—&-lUjTAjnj}

N-1
= Ztr (R{;& + S1;m)
=0

tr[(DG.)G! 0]

=tr ([ (1) ] QGOGZQ)

N-1

_ [O]ZQ)GOJGCJQ
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01t Nt
[ I ] Dy s (E ArVi+ Ul Aemi) Prj41B;GL; 0
j=0 k=j+1
01\
+[,]Z v.j18] B;GL,Q
j=0
1
‘I>N,j+1 (6] A;V; + UJ Ajn;) @uBie1Giy_y) Q
] 1

._\

+ [ :|CDNJ+1§ B;GL0
Jj=
N-1
= tr(Rszéj—i—Ssznj)

~

tr[PH DH.(X)]
=t (PHI DO — 1)
N-1

=tr| P HIDHy0 — 1]
j=0

N-1

=trq P Y HE[Cinibio
=0

iy

=
+ Z Cj qu)j,k+1 (fkTAk Vk + UkTAknk) q)k’0i| [0 — I]}
k=

- O

N-2

. A 07 -
]y Y <¢,€j+lC,(THCkP[_I}¢£OVJTA§§j

J=0 k=j+1
+&;0[0 — NPHLC Dy j11UT A]nj>

N-1

+ Y ®j0l0 —I1PHLCm;
j=0

N-1
= Ztr (R3;& + S3m))
j=0

395
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Substituting these into (A.3) yields

=

-1 3

DGy = 2tr > (REE + Sim;) (A.13)
Jj =1

X
iR

We now proceed to derive D g, (&, n). Note that

N-1N-1 ;
F2(U, V) = Z Z tr [(CJ Q@ Bi-1—C; ‘Dj,kBk—1>
k=1 j=k
(-8
Thus,
DF2(&,m)
N-1N-1
=2 Z Z tr {Fka{O (Cj Vi®ji UkT—lBk—1>}
k=1 j=k
N-1 | N-1
_ 2 tr (d> Bl Cimy + &1, 67T jkB,Z_lgk_1> +hy V(A14)
k=1 | j=k
where
N-1 j-1
e = Z Ztr {FJTijq)f”+1 (& AV + U Am) ch,kBk—l} (A.15)
j=k+1 I=k

By exchanging the summation indices, it can be easily shown that
N-2 N-1
hie = Z Z r {F;(C,CDUH (67 A}V, + U Ajn;) ‘Dj,kBk—l}
j=k I=j+1
N-2

= Ztr (Y58 + Z{n;)
Jj=k

hy = tr (Y, & + Zin;) (A.16)

ij = Z Ajvj&)j,kék—lrljllélél,j+1 (A17)
I=j+1
N-1

Zy = ) AU CITuB &7, (A-18)
I=j+1
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It can be further verified that

N—-1N-1 N-1 j
St (@Bl liCiny) = DDt (duBalhCmy)  (AL9)
k=1 j=k j=1 k=1
N—1N-1 N—2 N-1
Z Z tr (@ikC]TijB,(T_1§k—1) = tr <<I>,Z,j+leTFk(j+1)BjT"§j)
k=1 j=k j=0 k=j+1
(A.20)
It follows that
N-1
DJo(E.n) =2 tr(Ri&E + Sim;)
j=0
This, together with (A.13) yields
N-1
DY(E,n) = 2tr (RTE; + Sin,) (A.21)

I
o

J

where Rj = le + sz + R3j + R4j and Sj = Slj + Szj + ng + S4j.
The gradient Vgy (U, V) as defined in (3.16) satisfies the following conditions.

VIWU, V) e Tun¥, YU, V)eW (A.22)

‘i)g(é:’ )7) =< Vg(U’ V)’ (57 77) >, V(§7 77) € T(U,V)\IJ (A23)

In view of (A.21), condition (A.23) is equivalent to

N-1 N—1
T T
[Vdu, U, V) =2R;] &+ ) [Vav,(U, V) = 25;] n; =0,
j=0 =0 (A.24)
V&, n) € Ty vV
Further, it can be easily verified that
Tw.vy¥* = (UoQ, U1, -+, Un—1)Q2n-1; VoO0, V101, -+, Vy_10y_1)

where Q; € RY++, @ € RN andQ; = QF, ©; =07, j=0,1,---, N—
1. This, together with (A.24) implies

Vqu,(U,V)=2R; = U;Q;, Vdy,(U,V)=28; -V,;0;
Condition (A.22) uniquely determines that

Q;=R]U;+U/R;, ©;=S[V;+V]S;
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Hence Theorem 1 is established.
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